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Abstract 

The Weyl group symmetry W(Ek) is studied from the points of view of the 
i?-strings, Painleve equations and [/-duality. We give a simple reformulation of 
the elliptic Painleve equation in such a way that the hidden symmetry W{E\q) is 
manifestly realized. This reformulation is based on the birational geometry of the 
del Pezzo surface and closely related to Seiberg-Witten curves describing the E- 
strings. The relation of the W{Ek) symmetry to the duality of M-theory on a torus 
is discussed on the level of string equations of motion. 



1 Introduction 



In a recent paper [1], the second order (difference) Painleve equations have been classi- 
fied by using the geometry of algebraic surfaces. The classification falls into three types: 
rational, trigonometric and elliptic. Each case is associated with a special divisor corre- 
sponding to one of the Kodaira singular fibers of elliptic fibration (Table. 1) [2]. 

ell. I 

tri. Ii -> I 2 -> I 3 -> I 4 -> I5 -> h I7 -> Is I9 

\ / 

Is (1) 

rat. II -> III -> IV -> I * -> Ii* -> I 2 * -> I 3 * -> I4* 

\ \ I 
IV* -> III* -> II* 

In physics, the same 1 diagram appeared as the RG flow of the i?-strings in dimensions 
d = 6 [3, 4], d = 5 [5, 6] and d = 4 [7]. 



rf = 6 E 
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— 5 Eg — > Ej — > E% — > E§ — > E4 — > E% — > E2 — ► Ei Eq 

\ _ / 

Ei (2) 

d = 4 E 8 -> £7 -> #6 -> £>4 -> £3 -> £2 -> A -> £>o 

\ \ I 
A 2 -> Ai -> A 

Of course, this is not an accident, since both of them are described by the same geometry, 
namely the del Pezzo surface B 9 which is a blown up of P 2 at 9 points. The difference 



1 The corresponding root systems are complement with each other. 



fiber type 


singularity 


In (n > 1) 


A n -l 


II, III, IV (n = 0,1,2) 


A n 


1; (n > 0) 


D n+ A 


II*, III*, IV* (n = 8,7,6) 


E n 



Table 1: Kodaira's classification and ADE singularities. 
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is that in the /^-string case the 9 points are chosen in special position so that the surface 
admits an elliptic fibration. 

Furthermore, the _E n -series in the above diagram is also well-known in connection with 
the duality symmetry of M-theory compactified on a torus [8]. In this correspondence, 
the Weyl group part of the [/-duality group is identified with the Cremona isometry 
W(E k ) for del Pezzo B k [9]. (This duality was discussed from the point of view of Little 
String Theory supersymmetric indices [10].) The aim of this paper is to examine the 
correspondence by closely looking the way how the Weyl group is realized in each case. 

This paper is organized as follows. In section 2, we clarify the special role of the fiber 
at u = oo in the Seiberg-Witten geometry [11]. We also give an example of duality map 
between two Seiberg-Witten curves corresponding to different space-time dimensions. In 
section 3, we give a reformulation of the elliptic Painleve equation where the hidden 
W(E 10 ) symmetry is manifestly realized and the relation to the Seiberg-Witten geometry 
of E'-strings is discussed. In section 4, we study the Painleve equations arising from 
a consistent truncation/reduction of the M-theory and compare the Painleve Backlund 
transformations with the [/-duality. Finally, section 5 is devoted to the conclusions and 
discussions. 

2 The role of the fiber at u = oo 

The equations for the 577(2) E 8 flavor Seiberg-Witten curves with two mass parameters 
have been given by Minahan et. al.[12] 

rat. y 2 = x 3 — 2u(u 2 + m\x){u 2 + mix), 

tri. y 2 = x 3 + u 2 x 2 — 2u(u 2 + sin 2 mix){u 2 + sin 2 m 2 x), (3) 
ell. y 2 = x 3 + (1 + k 2 )u 2 x 2 — 2u(u 2 + sn 2 mxa;)(-u 2 + sn 2 m 2 :r) + k 2 u A x. 

The discriminants and singular fibers are 



rat. 


A = 


u s (u 2 + ■ 


••), 


I* + 2I 1 + (II) U=00 , 


tri. 


A = 


u 8 (u 3 + ■ 


••). 


Pi + 3Ii + (Il) u =oo, 


ell. 


A = 


u\u A + • 


••), 


I* + 4I 1 . 



The I 2 (= -t^) singularity at u — corresponds to the two mass deformation of II* (= Es). 
Note that the difference among the three cases (rat/tri/ell) appears on the fiber at u — oo. 
That is, the fiber is a cusp/nodal/smooth curve, respectively. 

To see the meaning of the fiber at u — oo, let us consider the sections. For all three 
cases, the Mordell-Weil lattice are A\ © -A*. [13] In fact, we have the following generators 



2 



of the sections, [12] 



1 9 • 1 , 

rat. x = — -u y = i—^u, 

v l v 6 

1 9 . COSf o /rX 

tn. x = 2~u y — i — t~ u i (p) 

sin v sin v 

1 9 cnfdnf „ 
ell. x = — u y = i — u , 

sn 2 f sn^f 

where v — mi or m 2 . Other sections can be obtained by addition and have the form at 
u = oo as 

x = a 2 u 2 + aiu + • • • , y — b 3 u 2 + 6 2 m 2 + • • • , (6) 

where the leading term is of the form (5) with v = k\m\ + k 2 m 2 (ki,k 2 G Z). Let us 
consider the elliptic case. The fiber at u = oo is a smooth curve 

y 2 = x 3 + (1 + k 2 )x 2 + k 2 x, (7) 

which can be parametrized as 

, . 1 . . .cnwdnw 

x = x{v) = — , y = y(v)=l . (8) 

sn z w sn^w 

Note that this is nothing but the leading term of the section. Hence the parameter 
v represent the point where the section and the fiber at u = oo intersect. Similarly, 
for the case of rational or trigonometric, the intersection point is parametrized by the 
trigonometric or rational functions of parameter v. In [7] the coincidence between certain 
parameter v in sections and mass parameters was observed. The above argument explains 
the mechanism of this identification. 

Finally, we consider the relation between the curves in (3) and SU (2) Nj = 2 Seiberg- 
Witten curve [14]. The Nf = 2 Seiberg-Witten curve 

y 2 = (x 2 - ^)(x - u) + ^M x M 2 x - ^(M 2 + Mf), (9) 

and the elliptic case in (3) are both the generic curves with the D G singularity. Hence, 
they should be related with each other. In fact, up to simple change of variables x,u, 
these curves are equivalent. The relations of parameters are 

A 2 = A(— — ), 

snmi snm 2 . , 

A^ + M^S^, A^-M^S^. <10) 

This mapping (A, Mi, M 2 ) <-> (A;,m 1 ,m 2 ) can be interpreted as a kind of duality which 
connects different theories (in different dimensions). 
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3 The elliptic Painleve equation 



On a del Pezzo surface E>k the Weyl group W(Ek) acts as the Cremona isometry [15]. 
For the case of k — 9, the Weyl group W(Eg) is the affine Weyl group of type W(E^) 
which contains the translation subgroup Z 8 and this is the origin of the elliptic Painleve 
equation [1]. This construction can be considered as an example of general strategy to 
construct discrete Painleve equations by using affine Weyl groups [16]. 

We will reformulate the elliptic Painleve equation in the form where the hidden W(E W ) 
symmetry is manifestly realized. Let M be the space of 3 x 10 matrix 



M = < 



X = 



x 1 x 2 x 3 ■■■ x w 

yi y2 y3 ■■■ 2/io 

Z\ Z2 Z3 ■ ■ ■ ZiQ 



(11) 



Each column vector Pj = (xj : yi : Zi) may be thought of as a projective coordinate of a 
point Pi G P 2 . In view of this, we make an identification 



M = PGL(3)\M/(C X ) 10 . 
A representative of this coset can be taken as 



:i2) 



where 



Ui 



X 



^234/^134 



1 


1 • 


■ 1 


1 


u 5 ■ 


• u w 


1 1 


v 5 ■ 





Vi = 



^234^121 



{i = 5,..., 10), 



(13) 



(14) 



^134/^231 ^124/^231 

and fXijk is the minor determinant of X taking i, j and fcth columns. We have an action 
of the symmetric group Siq which act as a permutation of the columns of X. In terms of 
the coordinates (u^ Vi), i — 5, • • • , 10 the Sio-action can be written as follows [15]: 
The actions of s±, s 2 , ^3 are given by 



The action of s 4 is 
1 



Sl{Ui = — , 
Ui 

S 2 (Ui) = Vi, 

S3{Ui) = -r— 



1 



Sl{Vi = — , 
Ui 



S 2 {Vi) = Ui, 



S3{Vi) 



(15) 



1' 



Ui 



sa(u 5 ) = —, s 4 (v 5 ) = —, s 4 («i) = — , s 4 (vi) = — , (2 = 6,..., 10) (16) 
u 5 v 5 u 5 v 5 
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And Si for i — 5, . . . , 9 act as 

<z( 11 ■ , -,\ = 11 ■ q -In - \ = 11 ■ ( 1° =L i i -\- 1 1 

(17) 



Si(tii) = Mj+i, Si(w i+ i)=Uj, s i (u j )=u j , + 



Si(vi) = v i+1 , Si(v i+1 ) = Vi, Si(vj) = Vj, (j ^ i, % + 1) 

Besides the permutations Sj G Sio (i = 1, . . . , 9), there exist another important invo- 
lution s on the variables (ui,Vi), namely 

so(ui) = — , s Q (vi) = — . (18) 

lij Vi 

Geometrically, this is a standard Cremona transformation with center (P 1 , P 2 , P3). By 
direct computation, we have 

(s s,) 2 = l, (i^3) and (s s 3 ) 3 = 1. (19) 

In summary, the transformations Sj, i = 0, 1, . . . , 9 defined by (15), (16), (17) and (18) give 
a birational representation of the Weyl group W(E W ) on the field of rational functions 

C(U 5 , . . .,Uio,U5, • • • ,v w ). 



E 
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The construction of the elliptic Painleve equation is very simple. The Weyl group 
W{E W ) contains W(E^) generated by s« (i = 0, ...,8). This group W(Eg) has a 
translation subgroup Z 8 . The birational action of these translations on M is nothing but 
the Sakai's elliptic Painleve equation. The explicit action of these translations on the 
variables (ui,Vi) are too complicated and seems to be beyond our computational ability. 
We give an intermediate formula for one of the translations 2 

T = {pqp) 2 , p = S3S4S5S2S3S4S1S2S3S0, q = sgSjSss^^s^s^q. (20) 
The result is given as follows: 



/i!46 / /i256 ^356 /^56i \ / . „ , n x 

p{u 5 , m 6 , Ui) = , , , [i = 7, . . . , 10) 

^156 \A t 246 /^346 A*46i / 

/ \ ^145 1^256 /^356 ^56i\ ,. „ n x 

p{y 5 , v 6 , Vi) = , , , (1 = 7, . . . , 10) 

A*156 \A t 245 /^345 A*45i ) 



(21) 



2 There exist 240 commuting translations corresponding to E& roots. Any of them can be represented 
as a composition of 58 simple reflections. Among the 240 translations, only 8 of them are multiplicatively 
independent. 



5 



q(u 5 , u 6 , u 7 , u 8 , u 9 , u w ) = —(u 8 , Ug, 1, u 5 , u 6 , u w ), 

u 7 

q(v 5 , Vq, V 7 , V 8 , Vg, V W ) = —{V 8 , Vg, 1,V 5 , V 6 , V W ). 

v 7 



(22) 



If the 9 points Pi,...,Pg are in general position, there exist unique elliptic curve 
C C P 2 which pass through the 9 points. This curve C play the role of the fiber at 
u = oo in the previous section and it is invariant under the action of W(E^). Using this 
curve C as a "ruler", Sakai introduced another coordinates of the coset A4 : 0i, . . . , 9g, r 
and (x : y : z) G P 2 , such that the matrix X is represented as 



X = 



P(0i) p{9 2 ) 

1 1 



p(9g) X 

p\0g) y 
1 z 



(23) 



Here p{9) = p(9, r) is the Weierstrass p function which parameterize the elliptic curve 
C. In terms of Sakai's coordinates, the action of W(E^) is given as follows [1]. The £9 
part is just the permutation of the parameters 0j. The only non-trivial one is s which 
has been determined explicitly 3 as 



so(9i) = 9\ 



9 i + -(9 1 + 9 2 + 9 3 ), i = 4,...,9 
9 i -^(9 1 + 9 2 + 9 3 ), 2 = 1,2,3 



(24) 



X 

y 



y[ 



■X n 



2/2 y 3 



Zn 



^23^31^12 
^31^12^23 
^12^23^31 



(25) 













Xj 






* 


*' 3 


x 'k 


Ijk = det 


y Vj 


yk 


, djk = det 


y* 


Vj 


yk 


det 






y'k 




. z z i 


Zk _ 




Z^ 


Z 3 


Zk . 






4 


z k . 



(26) 



Where (x*,y*,^) and (x^y^z'J are any points on the curve C such that (#*, y*, z*) = 
(p(9), p'{9), 1), «, yi, <) = (p(9>), p'{9>), 1) with 9> = 9 + {9 l + 9 2 + 9 3 )/3. 
In these coordinates, the translation T (20) acts on the parameters 0, as 



T{9 U ...,9 9 ) = (9 l7 ...,9g)- -9(2, 2, 2, -1, • • • , -1), 



(27) 



3 This means that these nine 6i's transform under W(E%) as the SL(9) Cartan subalgcbra, and hence 
correspond to the nine radii in the T 9 compactification of M-theory. The extra Weyl reflection so (called 
'2/5 transformation' in [33]) is naturally understood via the SL(9) decomposition of E$ [17]. 
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9 

where — y~] 0j. When = (modulo periods), the first 9 points are in special position 

i=i 

such that the curve C passing through the 9 points is given by one parameter family (a 
'pencil' of cubic) 

\F(x,y,z) + fiG(x,y,z) = 0. (28) 

Then the corresponding del Pezzo B 9 admits an elliptic fibration B 9 — > P 1 = {(A : //)} 
and 9 blown- up P^s correspond to 9 sections of the fibration. The parameters 0i specify 
the 9 points (xi : : Zi) = : p'(0i) ■ 1) where the sections intersect with the marked 

curve C (at u — oo). These data define the Seiberg-Witten curve for d = 6 -E 8 -string as 
explained in [18]. In this special case, by choosing the parameter (A : fj) suitably C may 
pass the 10th point (x : y : z) also and we can put (x : y : z) — (p(9io) : p'(0io) '■ !)■ Then 
all the action of W(E W ) are represented by addition and permutation on the variables 0i 
(i = l,...,10). 

4 Painleve Backlund transformations and ^/-duality 
4.1 Relation to M-theory duality 

The del Pezzo surfaces B k play crucial role in various context of string compactifications. 
In a recent paper [9] , Iqbal, Neitzke and Vafa observed a duality between M-theory on T k 
and del Pezzo surfaces Bk- In this correspondence, the Weyl group part of the [/-duality 
group is identified with the Cremona isometry W(Ek) for del Pezzo Bk- As we have seen 
in the previous section, the Cremona isometry is the origin of the Backlund transforma- 
tion/discrete time evolution of the elliptic Painleve equation, it is natural to expect some 
relation between the Painleve Backlund transformations and [/-duality In fact, there 
exist an analogy between these two Weyl group realizations. Namely the permutation 
part of the duality can be realized as a change of the order of the compactifications [19] , 
correspondingly the Weyl group symmetry of the E w Painleve equation appears as a 
change of the blowing down structure [1]. 

The Painleve difference equations reduce to the six Painleve differential equations in 
the continuum limit. The latter also possess affine Weyl group symmetries generated 
by the Backlund transformations. Thus it will be interesting to explore whether these 
differential equations have direct connections with the string equations of motion. 

In general relativity, it has been known for some time that some static, axisymmetric 
solutions of Einstein(-Maxwell)'s equation(s) obey Painleve differential equations [20]- 
[23]. For example, the Ernst equation, the equation of motion for the scalars in the 
dimensionally reduced D = 4 pure gravity, reduce to the third or the fifth Painleve 
equation under certain assumptions. Since D = 10, type IIB scalar sigma model is 
identical to that of the Ernst system, one can exploit the general relativity result to find 
special IIB scalar solutions that obey Painleve equations. 
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Let us consider a consistent truncation of type IIB supergravity 

£ = V=5S(*™-^£). (29) 

where r = C + ie~* with C and $ being the RR scalar and the dilaton, respectively. We 
further adopt an ansatz that the ten-dimensional Einstein-frame metric G^ is of the 
form 

6 

ds 2 lB = \ 2 (dx 2 + dp 2 ) + p 2 d(j) 2 + (-dt 2 + dx 2 ), (30) 

i=i 

and that A is a real function of — oo < x < oo, the coordinate parallel to the symmetric 
axis, and the radial coordinate p > 0. is the angle coordinate. We also assume that 
the complex potential r depends 4 only on x and p. In this way, we get a two-dimensional 
system without enlarging the duality symmetry than SX(2, R)/U(l). 

In fact, this truncation is equivalent to the dimensional reduction of D = 4 pure 
gravity to D = 2 with a four- dimensional metric 

dsl B = e"(\ 2 (dx 2 + dp 2 ) + p 2 d(f ) 2 ) - e"*(df + A^0) 2 (31) 

with 

= -ipe 2 *^, i = x + ip. (32) 
The equation of motion for r is given by the Ernst equation 

e-^d^pdur) = -ipS^d^r, (33) 

where x M = (x,p). If r is known, the conformal factor A is consistently determined by 
integrating the first-order 'Virasoro constraint'. (See [25] for related technology.) 

The metric ansatz (30) is close to that for the D7-brane solutions [26] , but the crucial 
difference is the appearance of p 2 in . Owing to this explicit coordinate dependence 
('the Weyl canonical coordinate'), r cannot be holomorphic, and the solution does not 
preserve supersymmetry. 



4.2 Painleve III and 5-duality 

To reduce (33) to a Painleve equation, we first switch from the SL(2, R) variable r to the 
SU (1,1) variable F, defined by [21] 

1 + F 

r = i^——. (34) 
1 — F K J 

In terms of F, the Ernst equation becomes 

(1 - FF)5^ u d II (pd u F) = -2p5^Fd^Fd u F. (35) 



4 One may also trade p for the time t to discuss colliding string wave solutions. See e.g. [24] for recent 
discussions and further references. 
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We further assume the coordinate dependence of F(x, p) as 



F(x,p) = f(p)J u °, (36) 
where f(p) is a real function, and a; is a real constant. The equation (35) reduces to 

(f - + f ~ ~ o> 2 /) = 2f(f 2 - c 2 / 2 ). (37) 



Here the prime denotes differentiation with respect to p. Then by the replacement 

1 + / 
1-/ 

we obtain 



y = — 7 ( 38 ) 



This is Painleve III 



with special parameters 



f^-l^-l). (39) 
V P 4 y 

y"^--l + '?t±l + 1 y> + S - (40) 

y p p y 

a = (3 = 0, 7 = -5 = ^. (41) 

Painleve III (with generic parameters) is known to have a symmetry of Backlund 
transformations isomorphic to the Weyl group of type (A 1 © Ai)^ generated by three 
independent Weyl reflections [1]. One of them is 

J/--, («, P, 7, 5) »(-/3, -a, -8, - 7 ) (42) 

y 

which leaves the condition (41) unchanged. Since this implies r i— > — 1/r, we see that this 
Backlund transformation of Painleve III precisely corresponds to ^-duality of IIB theory. 
On the other hand, the second Backlund transformation is simply 

y^-y, p^-p, (a, (3,^,5) ^ (a, (3,-f,5) (43) 

It just flips the sign of r, and hence is a physically irrelevant transformation. Finally, 
Painleve III has yet another independent Backlund transformation. It shifts the param- 
eters a, (3 to nonzero values, and therefore the differential equation does not keep its 
form of what has been reduced from the Ernst equation. Thus it does not correspond to 
duality, either. 

We conclude this subsection with a remark on how the Geroch group [27] is related 
to the Painleve Backlund transformations. An afhne Lie group symmetry of a two- 
dimensional reduced nonlinear sigma model is a general phenomenon [28], and in the 
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present system (29) (30) the symmetry is A\ \ the Geroch group. So the natural ques- 
tion is: how does its Weyl group piece act on the Painleve equation? The answer is as 
follows: Among two independent Weyl reflections of the Geroch group, one is manifestly 
realized in the sigma model (29) as S-duality; this is also a symmetry of the Painleve 
equation, as we have seen above. The other is obtained by conjugating with the Kramer- 
Neugebauer (KN) involution 5 [30, 31]; this Weyl reflection is not the symmetry of the 
Painleve equation because the KN involution does not preserve the metric ansatz (36). 



4.3 Comments on Painleve V 

The Ernst equation is also known to reduce to the fifth Painleve equation by using a 
different ansatz [21]. We again start from the equations (35) (36), but this time we allow 
f{p) to take complex values, w is a real constant, as before. In this case, the equation 
(37) is replaced by 

(fj - 1)(/" + f ~ ~ u> 2 /) = 2/(/' 2 - uj 2 f). (44) 
Multiplying / and subtracting the complex conjugate, we find an integral 

Kir - s7) . 

where a is a real integration constant. Writing 

f{p) = r(p)e^ (46) 

in terms of two real functions r(p) and u(p), we may express u' as 

, a(l-r 2 ) 2 
2pr 2 

Plugging them into (44), we obtain a second order differential equation of a single variable 
r(p). After a short calculation we find 

\2Y Y-lJ p 2p 2 V YJ Y-l y ' 

for Y = r 2 . This is the fifth Painleve equation with parameters 

« = -y, /9 = y, 7 = 0, 5 = 2u 2 (49) 

in the standard notation. 

The S'-duality transformation th-> -1/t acts on r as r i— > — r, which leaves Y invariant. 
Therefore, it does not correspond to any of the Backlund transformations of Painleve V, 
but is trivially realized. 



«'=^^. (47) 



5 The image of (31) under the KN involution is nothing but the four-dimensional piece of the dual 
M-theory metric [29] . 
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5 Conclusions and Discussions 



In this paper, we studied the Weyl group symmetries from the point of view of Seiberg- 
Witten theory, the elliptic Painleve equation and duality symmetry of M/string theory. 
The results are summarized as follows: 

• We have clarified the special role of the fiber at u = oo of the Seiberg-Witten curves. 
The mass parameters, on which the Weyl group such as W(E^) acts as the flavor 
symmetry, are identified with the points where the sections intersect the fiber. 

• We have given a simple formulation of the elliptic Painleve equation in which the 
hidden W(E W ) symmetry is manifestly realized. The Seiberg-Witten geometry 
appears as a special case of this, where the solutions reduce to the elliptic functions. 

• We have studied some Painleve differential equations arising from dimensionally 
reduced equations of motion of strings. In some special case, the Backlund trans- 
formation of the Painleve equation can be identified with a duality symmetry of 
M/string theory. 

A property of the singularity confinement is proposed as a discrete analog of the 
Painleve property [32]. The singularity confinement demands that a singularity depending 
on the initial data disappears after finite iteration of the mapping and the memory of initial 
data is recovered. Of course, the Eiq Painleve equation has this property. On the other 
hand, in [33, 34] it is argued that in M-theory, the apparent cosmological singularities 
can be resolved by the duality transformations. This phenomenon may be considered as 
the Painleve property. It should be also noted that the hyperbolicity of W(E W ) is crucial 
for the chaotic behavior of the cosmological singularity in M-theory [35]. In view of this 
and the symmetry structure, it is natural to guess that the elliptic E\q Painleve equation, 
which is chaotic but integrable in some sense, may play some role in certain effective 
dynamics of M-theory on T 10 . 

Acknowledgments 

We would like to dedicate this article to the memory of Sung-Kil Yang from whom we 
learned a lot of things through encouraging and enjoyable collaborations and who is now 
greatly missed. We would also like to thank M. Noumi, J. Maharana, T. Masuda and 
T. Tani for valuable discussions. 

References 

[1] H. Sakai, Commun. Math. Phys. 220 (2001)165. 
[2] K. Kodaira, Ann. Math. 77 (1963) 563; 78 (1963) 1. 

[3] O. J. Ganor and A. Hanany, Nucl. Phys. B474 (1996) 122, hep-th/9602120. 



11 



[4] N. Seiberg and E. Witten, Nucl. Phys. B471 (1996) 121, hep-th/9603003. 

[5] N. Seiberg, Phys. Lett. B388 (1996) 753, hep-th/9608111. 

[6] Y. Yamada and S.-K. Yang, Nucl. Phys. B566 (2000) 642, hep-th/9907134. 

[7] M. Noguchi, S. Terashima and S.-K. Yang, Nucl. Phys. B556 (1999) 115, hep- 
th/9903215. 

[8] B. Julia, "Kac-Moody symmetry of gravitation and supergravity theories", AMS- 
SIAM Summer School on Applications of Group Theory in Physics and Mathematics, 
Chicago (1982). 

[9] A. Iqbal, A. Neitzke and C. Vafa, "A mysterious duality", hep-th/0111068. 
[10] G. Bonelli, JHEP 0112 (2001) 022, hep-th/0111126. 

[11] H. Awata, A. Kato, Y. Saito, Y. Shimizu and A. Tsuchiya, talk at the International 
Christian University, June 2001. 

[12] J. A. Minahan, D. Nemechanski and N. P. Warner, Nucl. Phys. B508 (1997) 64, 
hep-th/9705237. 

[13] M. Fukae, Y. Yamada and S.-K. Yang, Nucl. Phys. B572 (2000) 71, hep-th/9909122. 
[14] N. Seiberg and E. Witten, Nucl. Phys. B431 (1994) 484, hep-th/9408099. 
[15] I. Dolgachev and D. Ortland, Asterisque 165 (1988), Soc. Math, de France. 
[16] M. Noumi and Y. Yamada, Commun. Math. Phys. 199 (1998) 281. 
[17] S. Mizoguchi, Nucl. Phys. B528 (1998) 238, hep-th/9703160. 

[18] O. J. Ganor, D. R. Morrison and N. Seiberg, Nucl. Phys. B487 (1997) 93, hep- 
th/9610251. 

K. Mohri, "Exceptional String: Instanton Expansions and Seiberg- Witten Curve", 
hep-th/0110121. 

[19] N. A. Obers and B. Pioline, Phys. Rept. 318 (1999) 113, hep-th/9809039. 

S. Mizoguchi and G. Schroder, Class. Quant. Grav. 17 (2000) 835, hep-th/9909150. 

[20] J. J. J. Marek, Proc. Camb. Phil. Soc. 64 (1968) 167. 

D. M. Chitre, R. Giiven and Y. Nutku, J. Math. Phys. 16 (1975) 475. 

[21] B. Leaute and G. Marcilhacy, J. Math. Phys. 27 (1986) 703. 

S. Persides and B. C. Xanthopoulos, J. Math. Phys. 29 (1988) 674. 

[22] P. Wils, Class. Quantum Grav. 6 (1989) 1231 and references therein. 

12 



[23] G. Calvert and N. M. J. Woodhouse, Class. Quantum Grav. 13 (1996) L33. 

[24] A. K. Das, J. Maharana and A. Melikyan, Phys. Lett. B518 (2001) 306, hep- 
th/0107229. 

[25] H. Nicolai, "Two-Dimensional Gravities and Supergravities as Integrable Systems", 
in: Recent Aspects of Quantum Fields, Schladming (1991). 

[26] B. R. Greene, A. D. Shapere, C. Vafa and S. T. Yau, Nucl. Phys. B337 (1990) 1. 
G. W. Gibbons, M. B. Green and M. J. Perry, Phys. Lett. B370 (1996) 37, hep- 
th/9511080. 

[27] R. Geroch, J. Math. Phys. 12 (1971) 918; J. Math. Phys. 13 (1972) 394. 

[28] B. Julia, "Infinite Lie Algebras in Physics, in: Proceedings of the John Hopkins 
Workshop on Particle Theory, Baltimore (1981). 

[29] J. H. Schwarz, Phys. Lett. B367 (1996) 97, hep-th/9510086. 

[30] D. Kramer and G. Neugebauer, Commun. Math. Phys. 10 (1968) 132. 

[31] P. Breitenlohner and D. Maison, Ann. Inst. Henri Poincare 46, n°2 (1987) 215. 

[32] A. Ramani, B. Gramaticos and J. Hietarinta, Phys. Rev. Lett. 67 (1991) 1829. 

[33] T. Banks, W. Fischler and L. Motl, JHEP 9901 (1999) 019, hep-th/9811194. 

[34] J. Khoury, B. A. Ovrut, N. Seiberg, P. J. Steinhardt and N. Turok, "From Big Crunch 
to Big Bang", hep-th/0108187. 

[35] T. Damour, M. Henneaux, B. Julia and H. Nicolai, Phys. Lett. B509 (2001) 323, 
hep-th/0103094. 

[36] H. Nicolai, Phys. Lett. B187 (1987) 316. 

[37] K. Koepsell, H. Nicolai and H. Samtleben, Class. Quant. Grav. 17 (2000) 3689, 
hep-th/0006034. 



13 



